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Abstract

We consider a class of particle processes with a finite number of types of particles, which

we call Processes Without Collisions or PWC for short. As the discrete time goes on, any

particle may die or transform itself into one or several particles of any types with certain

probabilities, but there are no collisions, that is every transformation applies to only one particle

and probabilities of its transformations do not depend on other particles. This excludes

predator-prey and sexual relations, but includes death and asexual reproduction with possible

mutations. Due to this restriction, positions of particles are irrelevant and we do not mention

them.

If the number of particles tends to infinity, the behavior of the process becomes

deterministic after normalization. In fact, this approximation is often used in demography and

other sciences. Our intention is to prove that the resulting dynamic system has a fixed point

and that under additional conditions the fixed point is unique and the system tends to it from

any initial condition. Besides, this approach raises some questions about the manner in which

some books on populational dynamics have been written.

11th Brazilian School of Probability, São Paulo, 08/2007 –1–
*Departament of Statistics; e-mail: caliteia@globo.com;alex dias ramos@yahoo.com.br;toom@de.ufpe.br



All Particle Processes Without Collisions Have A Fixed Point
C. S. Sousa*, A. D. Ramos*, A. Toom* Federal University of Pernambuco

Introduction

The theory of stochastic processes is an area of modern mathematics which has a lot of

applications. It is important to study ergodic vs. non-ergodic processes, which tend vs. do not

tend to a unique limit when t→∞.

We consider one class of random processes with discrete time. We have n types of particles.

Any particle may die or transform itself into one or several particles of any types with certain

probabilities. Our main assumption is that there are no collisions, that is every transformation

applies to only one particle and its probability does not depend on the other particles. Due to

this restriction, positions of particles are irrelevant and we do not mention them. We call such

processes Processes Without Collisions or PWC for short. We study PWC, with the objective

of proving that all of them are ergodic under reasonable conditions.
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Absence of collisions implies absence of any analogy with predator-prey or sexual relations.

However, our methods may be applied to problems of survival, proliferation, mutation and

evolution of species with asexual reproduction, e.g. viruses. Also our processes may be

useful to model social dynamics, which includes both social growth and mobility.

We pay special attention to the limit, when the number of particles tends to infinity and the

quantities of particles of all types may be treated as real rather than integer numbers. In fact,

this approximation is often used in various sciences, sometimes without a proper foundation.

We prove that under mild conditions the resulting dynamical systems have at least one fixed

point and under additional conditions tend to it when time tends to infinity.

11th Brazilian School of Probability, São Paulo, 08/2007 –3–
*Departament of Statistics; e-mail: caliteia@globo.com;alex dias ramos@yahoo.com.br;toom@de.ufpe.br



All Particle Processes Without Collisions Have A Fixed Point
C. S. Sousa*, A. D. Ramos*, A. Toom* Federal University of Pernambuco

Comment:

Approximation of random systems by deterministic systems is frequently used in various

sciences. In the case of natural sciences, for example traditional physics and chemistry, the

number of components of the system is enormous, like the Avogadro number (we do not

consider nano-technology here). Thus the deterministic approach seems acceptable.

Unlike this, in social sciences, for example demography and epidemiology, the number of

individuals may be small, especially taking into account that measures of prevention are taken

at the first sign of a possible epidemic. This was observed in the following text [1] : “The

occurrence of two cases of such an illness, close to each other in space and time in the

population in question, is considered sufficient to speak of an epidemic.”

11th Brazilian School of Probability, São Paulo, 08/2007 –4–
*Departament of Statistics; e-mail: caliteia@globo.com;alex dias ramos@yahoo.com.br;toom@de.ufpe.br



All Particle Processes Without Collisions Have A Fixed Point
C. S. Sousa*, A. D. Ramos*, A. Toom* Federal University of Pernambuco

With a number of sick people so small, it is ridiculous to treat this number as a real variable

and speak about its derivative.

Some studies, as for example [2] and [3], mention without details that if the number of

components of a system is too small, the deterministic approach may fail to be a good

representation of the random model, but do not present any criterion of this.

[4] presents a study of virus populations and observes that for infections initiated with only

one individual, the results of the computational simulations of the random process differ

significantly from the results of the computational simulations of the deterministic approach.

In our work, we study both approaches. Also we intend to find some criteria of

appropriateness of the deterministic approximation of a random process.
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Definitions and Description of Process

Particles of type k = 1, . . . , n will be called k-particles. A generic state of our process is a

vector

q =











q1
...

qn











∈ Ω = ZZ
n
+,

where qk ∈ ZZ+ denotes the number of k-particles.

We call a n-dimensional vector v ∈ IRn positive if

v1 ≥ 0, . . . , vn ≥ 0 and v1 + . . .+ vn > 0.
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For any vector v ∈ IRn we denote ‖v‖ =
n
∑

i=1

|vi|, call ‖v‖ norm of v. We call v of normed

if ‖v‖ = 1.

We denote by D the set of normed and positived vectors, that is,

D =





























v1
...

vn











: v1 ≥ 0, . . . , vn ≥ 0, v1 + . . .+ vn = 1



















. (1)

We denote by Norm the operator of norming, that is,

Norm(v) = v/‖v‖ (2)

for any positive vector v.

We also use an operator of normalization which acts on any distribution P in Ω as follows:

Norm(P ) is a distribution in D induced by P with the map Norm.
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The Probability Operator

At every step of discrete time all particles decide independently into what they are going to

turn themselves. Every k-particle turns into a vector q with a probability θk,q .

Type of particles Transitional probabilities Resulting vector

k θk,q q

We denote by δk ∈ Ω the vector having one at the k-th place and zeros at all the other

places and by δ0 ∈ Ω the vector having zeros at all the places, that is,

δk =























0
...

1
...

0























∈ Ω , δ0 =











0
...

0











∈ Ω.
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This includes death if q = δ0 and remaining unchanged if q = δk.

Type of particle Resulting vector Transformation

k δ0 Death

k δk Unchanged

Of course,

∀k :
∑

q∈Ω

θk,q = 1.

We denote by q1, . . . , qn the components of the vector q.

We assume that there is a constant C such that

q1 + . . .+ qn > C =⇒ θk,q = 0, (3)

that is, no particle may transform into more than C particles at once.

We denote by Π the set of probability distributions on Ω.

Now, we define an operator M : Π→ Π in two steps.
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Step 1:

First, for every q ∈ Ω, we denote by∆q the distribution concentrated in one vector q ∈ Ω.

We define M∆q for every q as the following sum of distributions in Ω, which are jointly

independent random vectors V j
k :

M∆q
def
=

n
∑

k=1

qk
∑

j=1

V j
k , (4)

where every V j
k equals p with a probability θk,p for all p ∈ Ω. Here qk is the k-th component

of q. Thus we have defined how M acts on∆q .

Step 2:

Now, we define how M acts on any P ∈ Π, as follows:

MP =
∑

q∈Ω

(M∆q) · Pq,

where Pq is the value of probability distribution P on vector q. Thus the operator

M : Π→ Π is defined.
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The Deterministic Operator

In practice we deal with macro-amounts, that is large amounts of particles, so large that we

use continuous macro-measures instead of discrete micro-measures. For example, talking of

a chemical or nuclear reaction, we measure the amounts of substances in macro-measures,

for example grams or kilograms rather than in micro-measures like the number of molecules

or atoms. We have the habit of treating macro-amounts as continuous in spite of the discrete

micro-nature of these substances.

In this connection we consider the non-integer analog of our operator, in which instead of

non-negative integer numbers of particles of each type, we have non-negative real numbers,

called densities d1, . . . , dn of each type. In this work we are interested only in proportions of

substances. For this reason we assume that the vector of densities is always normalized, that

is d1 + . . .+ dn = 1, so











d1
...

dn











∈ D. We shall show how to obtain the behavior of

densities as a limit of the original process when the number of particles tends to infinity.
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Let us define a deterministic operator M̃ : D → D which transforms d into another

macro-state M̃d :

M̃d = Norm

(

n
∑

k=1

dk

∑

r∈Ω

rθk,r

)

, (5)

where dk is the k-th component of d =











d1
...

dn











.

Now let us explain how this operator is related to our random operator.
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For any real number x ≥ 0 we denote by round(x) the smallest integer number, which is

not less than x and call this operation rounding. For any positive vector v ∈ IRn
+ we denote

by round(v) the vector, whose components are rounded components of v:

round(v) =











round(v1)
...

round(vn)











. (6)

We start with a macro-state d ∈ D. First we transform it into a micro-state as follows: we

choose a large number L, multiply all the components of d by L and take their integer

approximations. Thus we obtain an integer vector round(L · d). After that we apply one step

of our random process, thus obtaining a random vector M∆round(L·d)
, where M was

defined in (5).
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After that we come back to the macro-state applying the operator Norm. Thus we obtain a

random vector

Norm
(

M∆round(L·d)

)

. (7)

In practice L is finite (for example, the Avogadro number), but in our study we suppose that

L −→∞. We want to substantiate the practice of dealing with macro-level. For this we show

that the distribution (7) concentrates in the vicinity M̃d when L is large.

11th Brazilian School of Probability, São Paulo, 08/2007 –14–
*Departament of Statistics; e-mail: caliteia@globo.com;alex dias ramos@yahoo.com.br;toom@de.ufpe.br



All Particle Processes Without Collisions Have A Fixed Point
C. S. Sousa*, A. D. Ramos*, A. Toom* Federal University of Pernambuco

Main Theorem
We consider the following matrix M0:

M0 =















∑

r∈Ω

r1θ1,r · · ·
∑

r∈Ω

r1θn,r

...
...

∑

r∈Ω

rnθ1,r · · ·
∑

r∈Ω

rnθn,r















. (8)

We can rewrite the deterministic operator M̃ : D → D, in the following form:

∀d ∈ D : M̃d = Norm (M0d) .

(Main Theorem) If the matrix M0, defined in (8), is primitive, then the sequence of vectors

M̃ td has a limit when t −→∞ and this limit is one and the same for almost all initial vectors

d ∈ D, where the word almost mean “except a set of measure null”.

Thus, we prove that our deterministic dynamical system has exactly one fixed point and tends

to it from almost all initial conditions, when the time tends to infinity.
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Main Results
We have proved:

• when the number of particles tends to infinity, our random process tends to a deterministic

dynamical system with the operator M̃ defined by

∀d ∈ D, M̃d = Norm(M0d);

• M̃ has at least one fixed point;

• if the matrix M0 is primitive, the deterministic operator M̃ has exactly one fixed point.
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