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Abstract

For a long time it was common among statistical physicists to believe that phase transitions

occur only in systems with dimension greater than one. However, now there are several

attempts to refute this opinion. Among them, Toom [1] presented a very simple process with

one-dimensional local interaction in discrete time, where each component has two states,

“minus” and “plus”. Although one-dimensional, this process displays some form of

non-ergodicity. However, Toom’s system “shrinks” and therefore its finit analog degenerates.

We propose another particle process with the same two states, with continuos time, composed

of three transformations: The first one, called flip, changes minus into plus and plus into minus

with a rate β. Another, called annihilation, eliminates two neighbor particles with a rate α,

whenever they are in differents states. The third one, called mitosis, doubles any particle with a

rate γ. Mitosis wasn’t used in Toom’s process. Its presence with a sufficient rate prevents our

process from “shrinking”. Our process has the same form of non-ergodicity as Toom proved.

We show it using Monte Carlo simulation and estimate the rates, for which our process is

ergodic vs. non-ergodic and “shrinks” vs. “does not shrink.”
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Introduction

For a long time statistical physicists believed that phase transitions occur only in systems with

dimension greater than one. Based on this tradition several authors proposed a “positive rates

conjecture” called here PRC, which claims that all one-dimensional particle systems with

non-degenerate local interaction are ergodic. Several authors tried to refute this hypotesis, but

only one had a complete sucess: Gács [2] developed a very involved system in which every

component has≈ 2100 states, which refutes the PRC. Gray [3] explained Gács’ method and

expressed a belief that no much simpler sistem can refute the PRC. Toom [4] presented a

new class of one-dimensional sistems with local interaction, where components can appear

and disappear during the functioning of the process and showed in that [1] that, although

one-dimensional, a process of this kind can exhibit some form of non-ergodicity. We present a

similar model with continuous time and use Monte Carlo simulation to show that it displays the

same phenomenon of non-ergodicity as Toom’s model. In addition, our model has a

non-trivial finite analog, unlike Toom’s model.
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Toom’s Model

The process proposed in [1] is called Toom’s model here. It has discrete time and

configuration space {ª,⊕}Z . The operator is composed of two transformations, Flipβ and

Annα. Under the action of Flipβ everyª changes into⊕ with probability β independently of

the other components. Under the action of Annα any pair (⊕,ª) disappears with probability

α independently of what occurs at other places. Let δª and δ⊕ be the measures

concentrated in “allª” and “all⊕” respectively. Toom denoted

µt = δª(FlipβAnnα)
t.

(Following Toom, we write operators on the right side of measures.) Toom showed that:

Theorem 1 For all t, the frequency of⊕ in the measure µt does not exceede 300 · β/α2.

Theorem 2 If 2β > α, the measures µt tend to δ⊕ when t→∞.

These theorems show a phase transition between ergodicity and non-ergodicity.
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Definitions

Now to describe our model. We denote minusª and plus⊕ letters. We call a word any finite

sequence of letters. The number of letters in a word W is called its length and denoted |W |.

There is the empty word denoted by Λ, whose length is zero.

We call a word a circular when we imagine that its components are placed on a circle. Our

process is a Markov chain with a countable set Ω of states and continuous time t. Ω is the set

of circulars. To define the transition rates of our process we need a finite list of substituition

rules , of the form:

old
r
→ new, (1)

where old and new are words. The expression (1) means that whenever the word old is met in

the circular, it turns into the word new with a rate r. The length of the circular increases by

|new| − |old| (in fact, decreases if this difference is negative).
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We will say that a substitution rule (1) is constant length if |old | = |new | and variable length

otherwise.

We use the following operators:

• Annihilation(A) -ª⊕
α
→ Λ and⊕ª

α
→ Λ. If the states of the components with indices

x and x+ 1 are different, both disappear, that is the word (⊕,ª) turns into an empty

word Λ with the rate α independently of the other components. The components x− 1

and x+ 2 became neighbours. The length of the sistem decreases by two.

• Conversion(C) -ª
β
→ ⊕ and⊕

β
→ ª. This operator changes the state of one

component with a rate β independently of the other components. The length of the sistem

does not change.

• Mitosis(M) -ª
γ
→ ªª and⊕

γ
→ ⊕⊕. This operator duplicates the x-th particle with the

rate γ independently of others components. The length of the sistem increases by one.
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Numerical procedure

Our computers are discrete. Therefore, simulation of a process with continuous time t, always

is an approximation with discrete time. We denote by µt the distribution of this approximation

at time t. Thus µt(C) is the probability to find the circular C at time t in our simulation.

In each individual experiment, the circular obtained at time t is denoted by Ct. Its x−th

component is denoted by Ct
x where x = 1, . . . , |Ct|. In all our experiments the initial

circular was I = ª1000, whereªn is the word with n lettersª. For technical reasons we

use integer rates α, β and γ. At each step of discrete time t the following ocurrs: We choose

randomly an integer number x ∈ {1, 2, . . . , |Ct|} and generate one random variable

ξ ≈ U(0,1), then: if ξ ∈

[

0,
α

α+ β + γ

)

and Ct
x 6= Ct

x+1 these components annihilate.

If ξ ∈

[

α

α+ β + γ
,

β

α+ β + γ

)

, the component Ct
x changes its state.

If ξ ∈

[

β

α+ β + γ
, 1

]

, this component undergoes mitosis.
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We denote by quant(W |C), the quantity of places where the word W appears in the

circular C . Now, we define the frequency of W in C, as quant(W |C), divided by the length

of C :

freq(W |C) =
quant(W |C)

|C|
. (2)

Let µ be a random distribution in Ω, namely, for each circular C ∈ Ω there is µ(C) ∈ [0, 1]

where
∑

C∈Ω

µ(C) = 1. (3)

For each mesuare µ, we denote

freq(W |µ) =
∑

C∈Ω

freq(W |C) · µ(C), (4)

and call it the frequency of the word W in the mesuare µ. We denote by µtI(C) the

probability of having the circular C at time t, if the process started with the initial circular I.
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Conjecture 1 For any initial circular I and any word W,

lim
t→∞

freq(W |µtI) exist. (5)

We call the process µtI quasi-ergodic if, for each initial circular I and each word W, the limit

(5) exist and is the same for all initials circulars. Otherwise, the process is called

quasi-non-ergodic. In all our simulations, β = 1. Since the number of our experiments was

very limited, we had a difficulty in estimating freq(⊕|µt). Our way out was to approximate it

by

freq(⊕|µt)
def.
=

t
∑

k=1

freq(⊕|Ck)

t
. (6)

We evaluated this quantity for every experiment and used it as an estimate of freq(⊕|µt).

Then we verified, whether

|freq(⊕|Ct)− freq(⊕|µt)| > ε.

In some cases, to obtain better estimations, we performed several independent experiments

and took the average of them.
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Results
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Figure 1: β = 1 all the time. White balls show the bound between quasi ergodicity vs. quasi

non-ergodicity. For each integer value of α ∈ [0, 100], a white ball shows the smallest value

of γ for which we obtained freq(⊕|µt) > 0.4. The line below is a bound between regions

where the sistem shrink vs. does not shrink.
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Figure 2: β = 1 all the time. Black balls show that for α = 1, the freq(⊕|µt) stays near 0.5

all the time, for every γ considered. Thus, this process exhibits quasi ergodicity. White balls

show the results when α = 35. In this case, for γ small the process is quasi non-ergodic and

when γ increases the process begins to show quasi ergodicity. We used 20 experiments for

each value of γ and error bars indicate the standard deviation.
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Figure 3: α = β = γ = 1. In this case, the process is quasi ergodic(the upper curve)

because freq(⊕|µt) ≈ 0.5. When α = 35 and β = γ = 1, freq(⊕|µt) is small, (lower

curve) therefore the process is quasi non-ergodic. In both cases,freq(⊕|C t)≈freq(⊕|µt).
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Figure 4: α = 35, β = 1 and γ = 20. At a) we plotted the average of 20 independent

experiments. This graph behaves smoothly. At b) we plot only one experiment. We observe

that freq(⊕|Ct), stays near zero or one most of the time.
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Conclusion and perspective
• The possibility of quasi non-ergodicity refutes the positive rates conjecture.

• The Monte Carlo modeling of our process showed that there are two regimes. In one

regime the process is quasi ergodic, freq(⊕|µt) ≈ 0.5, but freq(⊕|Ct) is tipically far

of this. When the process is quasi non-ergodic, freq(⊕|Ct) ≈ freq(⊕|µt), wich is

far from 0.5.

• In most experiments the number of components “increases”. This allows us to consider

finite sistems during unlimited time, as we do.

• We hope to prove the conjecture 1 proposed here. Also we will try to prove the quasi

non-ergodicity of our process rigorously.
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[2] Gács, Peter. Realiable cellular Automata with Self-Organization.Journal of Statistics

Physics, vol. 103, nn. 1/2, pp. 45-267, 2001.

[3] Gray, Lawrence F. A Reader’s guide to Gac’s. Positive Rates. Journal of statistics

Physics, vol. 103,nn. 1/2, pp. 1-44, 2001.

[4] A.Toom. Particle systems with variable length. Bulletin of the Brazilian Mathematical

Society 33(3):419-425, 2002.

IMS Annual Meeting & X Brazilian School of Probability, Rio de Janeiro, 08/2006 –14–
*Departament of Statistics; e-mail: alex dias ramos@yahoo.com.br;caliteia@globo.com;toom@de.ufpe.br


